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Abstract

Delecroix asked for the area spectrum of cylinders on large-genus square-tiled surfaces, high-
lighting the normalized-area window [g−1/2, 2g−1/2]. For the principal holomorphic quadratic
stratum, with the number of squares tending to infinity before the genus, we derive a Poisson
limit at every intermediate scale sg → 0, gsg → ∞. The rescaled cylinder areas converge to a
Poisson point process of intensity dx/(2x); compact-window counts converge with every fixed
joint moment. The highlighted count tends to Poisson((log 2)/2), and its mean and variance
have the same limit. The proof extracts a uniform Gamma/Dirichlet approximation from the
published formulas of Delecroix–Liu and Delecroix–Goujard–Zograf–Zorich, then applies classi-
cal assembly identities and elementary tail estimates. The weighted permutation model and its
unmarked Poisson approximation are prior results. We explicitly credit the earlier microscopic
announcements and retain their unresolved normalization discrepancy with the short problem
report. AI tools were used extensively; no external human peer review is asserted.

1 Question, ensemble and conclusion
Fix g ≥ 2. Sample an isomorphism class of square-tiled half-translation surfaces in the princi-
pal holomorphic quadratic stratum Q(14g−4), uniformly among those made from at most N unit
squares. Count each maximal horizontal cylinder once, and divide its area by the entire surface area.
Cylinder heights are unbounded; in the multicurve notation of [6] this is m = ∞. The normalized
areas sum to one. The fixed-genus N → ∞ law of their unordered multiset exists by [6, Theorem
1.4]; denote it by νg. The usual automorphism-weighted sampling has the same fixed-genus limiting
law, as in those counting formulas. All subsequent limits refer to νg, hence to the iterated limit
N → ∞ followed by g → ∞.

Problem 2 in Delecroix’s report [4, p. 2387] asks for the cylinder-area spectrum and, specifically,
intermediate areas such as [g−1/2, 2g−1/2]. The surrounding law is the principal quadratic law just
specified. Arbitrary-stratum extensions are conjectural there, and diagonal sampling N = N(g) is
its separate Problem 3.

Theorem 1. Let sg > 0, sg → 0 and gsg → ∞. For a multiset (Xi) with law νg,

∑
i

δXi/sg
=⇒ PPP

(
dx

2x

)
vaguely on (0, ∞).

For finitely many pairwise disjoint intervals [aℓ, bℓ] ⊂ (0, ∞), the counts converge jointly to indepen-
dent Poisson variables of means 1

2 log(bℓ/aℓ), and every fixed joint moment converges. In particular,
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for
Cg = #{i : g−1/2 ≤ Xi ≤ 2g−1/2}, λ = log 2

2
,

we have Cg ⇒ Poisson(λ), ECg → λ, Var(Cg) → λ and P(Cg = 0) → 2−1/2.

This answers the written intermediate-area question in its controlling ensemble. It gives no all-
stratum assertion, diagonal N(g) limit, simultaneous statement about all directions on one surface,
or claim that all possible meanings of a full spectrum have been resolved. The vertical marginal
has the same law by symmetry.

Prior work and the claim boundary. The exact weighted permutation law below is already [5,
(1.7)–(1.8), Lemma 3.6]. The finite-genus geometric law and uniform intersection-number estimates
are supplied by [6, 5], with Aggarwal’s work [1] underlying the uniform coefficients. Arratia–Tavaré’s
assembly identity [2, Lemma 5, (126)] gives the factorial moments, and Arratia–Barbour–Tavaré
[3, Theorem 3.1] already imply the unmarked Poisson approximation at every intermediate rate.
Our contribution is the explicit geometric consequence, including the uniform comparison and the
Gamma-marking and count-moment transfer; no new enumeration, weighted permutation model
or general assembly theory is claimed. We include elementary proofs of the probability steps to
expose the required uniformity.

Delecroix–Liu announced microscopic small-component work in [6, p. 5098]; the project is listed
as in preparation in [4, reference 5]. Liu’s 2022 thesis [7, Remark 1.5.9] displays the all-multiplicity
microscopic intensity and fixed windows at scale (6g − 6)−1. His February 2025 Durham slides [8,
slide 195] label a primitive microscopic version a conjecture and display its 1/(2x) tail. These
announcements are prior intellectual contributions. A fixed-window microscopic limit and its
limiting-density tail do not themselves justify a growing-window limit. A bounded public-source
audit through 15 October 2026 did not locate the complete announced manuscript or an explicit
same-ensemble geometric intermediate-window theorem. We make no universal first-priority claim;
additional contents of the announced project remain a priority uncertainty.

Microscopic normalization. The exact formulas used here have Gamma total parameter 6g−6,
consistent with the thesis. The separate microscopic summary in [4] prints 4g − 4. These factors
yield different fixed microscopic laws and are not silently identified here. We neither use that
summary nor claim a new microscopic theorem or a correction of the report. The window in
Theorem 1 is kept exactly as posed.

2 The prior weighted permutation law and its area marking
Put n = 3g − 3 and

aj = ζ(2j)
2j

, H(z) = exp

∑
j≥1

ajzj

 , hn = [zn]H(z), h0 = 1. (1)

Choose an ordered positive composition (j1, . . . , jk) of n with probability

1
hnk!

k∏
i=1

aji . (2)
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Summing over all compositions and 1 ≤ k ≤ n normalizes this law. Equivalently, let Z1, . . . , Zn

be independent with Zj ∼ Poisson(aj). The vector (C1, . . . , Cn) has their conditional law given∑n
j=1 jZj = n; set Cj = 0 for j > n. This finite conditioning event has probability e

−
∑n

j=1 aj hn > 0.
This is precisely the cycle-count law Pn,∞,1/2 of [5], after forgetting cycle labels and using an
independent ordering of components.

Given the composition, choose independent Yi ∼ Gamma(2ji, 1), where the second parameter
is the rate, and put T =

∑
i Yi. Let µn be the law of the unordered multiset (Yi/T ). Conditional

on the composition this is Dirichlet(2j1, . . . , 2jk).

Proposition 2. For the geometric law above, dTV(νg, µ3g−3) → 0. More precisely, the two laws
have latent good events of polynomially small complementary probability, on which their conditional
density ratio is uniformly 1 + o(1). Their total component counts K satisfy EKr = O((log n)r) for
every fixed r.

Proof. We spell out the extraction from the published positive formulas. For the one-vertex stable
graph with vertex genus g − k and k loops, the graph automorphism factor is 2kk!. The expansion
in the proof of [6, Lemma 6.4] is

Fg,k(x) = Ag,k

∑
ji≥1∑

ji=n

c̃g,k(j)
k∏

i=1

x2ji−1
i

(2ji)!
, (3)

Ag,k = (6g − 5 − 2k)! 23k−3

(g − k)! (3g − 3 − k)! 3g−k
.

All coefficients are positive. Set
kg =

⌊3
5

log(2n)
⌋

. (4)

Equation (6.1) of [6], applied at genus g − k, gives

sup
1≤k≤kg

ji≥1,
∑

ji=n

|c̃g,k(j) − 1| −→ 0. (5)

The logarithmic number of marked points lies in that uniform range. Summing all positive cylinder
heights supplies ζ(2ji), and integrating over the unit simplex supplies

∏
i(2ji − 1)!/(2n − 1)!. The

exact graph mixture in [6, Theorem 3.2] therefore has, up to a common factor independent of k, j,
latent composition weights

Dg,k

k!
c̃g,k(j)

∏
i

aji , Dg,k = Ag,k

2k
. (6)

Conditional on the selected monomial the normalized area vector is exactly Dirichlet(2j1, . . . , 2jk).
Direct cancellation gives

Dg,k+1
Dg,k

= 12(g − k)(3g − 3 − k)
(6g − 5 − 2k)(6g − 6 − 2k)

.

Its logarithm is O((k + 1)/g), uniformly for k ≤ kg. Thus Dg,k/Dg,1 = 1 + O((log g)2/g) uniformly
there. Combining this with (5), normalizing the positive weights, and using the common Dirichlet
kernel proves the uniform conditional density-ratio assertion on the geometric event “one vertex
and K ≤ kg” and model event K ≤ kg.
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For completeness, the exceptional probability and moment estimates need more than an un-
quantified concentration statement. Theorem 1.12 of [5], with t = 11/10 < 8/7, yields

EtK = O(n(t−1)/2), P(K > kg) = O(n−η), η = 3
5

log(11/10) − 1
20

>
1

220
. (7)

The surface correspondence is [5, Theorem 1.7], consistently with [6, Theorem 1.4]. Summing the
exponential Chernoff tail beyond a sufficiently large multiple of log n gives EKr = O((log n)r) for
every fixed r. For k ≤ kg, [5, Theorem 5.2] bounds the multivertex contribution relative to the
one-vertex contribution by

O
(
(log g)25g−12k

)
.

Our cutoff is within the stated low-k range k ≤ log g/ log(9/4). Since 3
5 log 2 < 1, averaging the

bound and adding (7) gives a geometric bad probability O(n−c) for some c > 0. No unrestricted
extension of that low-k estimate is needed.

For the model, EtK = [zn]H(z)t/hn = O(n(t−1)/2) by Lemma 3 below. The same cutoff and
moment bounds follow. Conditioning on the good events and then forgetting the latent variables
proves total variation. Moreover, for every fixed integer r ≥ 1, in either law,

E[Kr; bad] ≤ (EK2r)1/2P(bad)1/2 = o(1). (8)

On the good events, every nonnegative measurable f with finite expectation obeys

Egeom[f | good] = (1 + O(εg))Emodel[f | K ≤ kg], εg → 0, (9)

where the error is uniform in f . This stronger statement will transfer moments.

3 A self-contained intermediate-scale calculation
Lemma 3. There are positive constants c1, c2, C such that

hn ∼
√

2/π n−1/2, c1(n + 1)−1/2 ≤ hn ≤ c2(n + 1)−1/2, (10)

hn−r

hn
≤ C

√
n + 1

n − r + 1
(0 ≤ r ≤ n), (11)

The ratio tends uniformly to one for 0 ≤ r ≤ rn whenever rn = o(n). For each fixed t > 0,

[zn]H(z)t ∼ 2t/2

Γ(t/2)
nt/2−1.

Proof. Expanding ζ(2j) gives

H(z) = (1 − z)−1/2B(z), B(z) =
∏

m≥2
(1 − z/m2)−1/2.

Here B is analytic in |z| < 4, B(1) =
√

2, and its Taylor coefficients decrease exponentially; see also
[6, Lemma 6.7]. Convolution with [zn](1 − z)−1/2 ∼ (πn)−1/2 proves (10): for convolution indices
k = o(n) the coefficient ratio tends uniformly to one, and the remaining analytic tail is negligible.
The same argument for (1−z)−t/2B(z)t proves the last assertion. The two-sided bounds, including
finitely many small indices, imply (11); the uniform ratio statement follows directly from the
asymptotic when n − r ∼ n.
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We now work entirely in the prior model (2). Put q = nsg, so q → ∞ and q = o(n). Removing
selected components gives the classical factorial identity

E
∏
j

(Cj)rj =
hn−

∑
jrj

hn

∏
j

a
rj

j if
∑

jrj ≤ n, (12)

and zero otherwise. This is the positive-weight specialization of [2, Lemma 5, (126)]; it also follows
directly by shifting the exponents in

∏
a

Cj

j /Cj !.
For fixed 0 < a < b < ∞, ∑

aq≤j≤bq

aj −→ 1
2

log(b/a). (13)

In any fixed joint factorial moment of counts in bounded q-scale windows, the total selected size
is O(q) = o(n). Equations (12), (11) and (13) give the factorial moments of independent Poisson
limits. Poisson laws are moment determinate, and bounded first moments give local tightness.
Consequently ∑

i

δji/q ⇒ PPP(dx/(2x)). (14)

This unmarked conclusion is also directly covered by [3, Theorem 3.1]: for Zj ∼ Poisson(aj) the
uniform logarithmic condition holds with parameter 1/2, error O(1/j) and factorially summable
tail constants. Its total-variation approximation for all j ≤ bn = o(n) includes every window used
here.

Gamma marking without a rate restriction

Let Zn =
∑

i δYi/(2q). For a nonnegative Lipschitz function f supported in [a, b] ⊂ (0, ∞), the
expected absolute difference between its marked and unmarked integrals is at most

n∑
j=1

aj
hn−j

hn
E |f(Yj/(2q)) − f(j/q)| , Yj ∼ Gamma(2j, 1). (15)

For aq/2 ≤ j ≤ 2bq, the coefficient ratio is bounded and E|Yj/(2q) − j/q| ≤
√

2j/(2q). Since
aj ≤ C/j, this part is O(q−1/2). For j < aq/2, the unmarked term vanishes, and the Gamma
moment generating function gives

P(Yj ≥ 2aq) ≤ e−aq22j ≤ e−a(1−log 2)q.

Its weighted sum is O(log(q + 2)e−caq). For j > 2bq, the other tail satisfies

P(Yj ≤ 2bq) ≤ ebq(3/2)−2j ≤ e−cj

for c = 2 log(3/2) − 1/2 > 0. Up to j = n/2 the coefficient ratio stays bounded; above it the ratio
is O(

√
n), dominated by the exponential tail. Thus (15) tends to zero for every q → ∞, q = o(n).

This expected-sum estimate avoids a union bound over all K components, which would impose an
unnecessary slow-scale restriction.

Laplace functionals against these tests determine vague convergence, so Zn ⇒ PPP(dx/(2x)).
Conditional on every composition, T ∼ Gamma(2n, 1); hence T/(2n) → 1 in probability. Since

Yi/T

sg
= Yi

2q

2n

T
,

continuity of positive dilation in the vague topology and Slutsky’s theorem prove the normalized
model point-process limit. Independence of T and Zn is not required.
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Uniform integrability of all compact-window count moments

Let Mn count Yi/(2q) ∈ [a, b], and write pn,j = P(Yj/(2q) ∈ [a, b]). The same three ranges give

n∑
j=1

ajpn,j ≤ Ca,b (16)

uniformly for large n. Independent marking and (12) give, for fixed r ≥ 1,

E(Mn)r =
∑

j1+···+jr≤n

hn−
∑

ji

hn

r∏
i=1

ajipn,ji . (17)

If
∑

ji ≤ n/2, (11) and (16) bound this by CCr
a,b. Otherwise some ji ≥ n/(2r). Since q = o(n),

its Gamma lower-tail probability is at most e−crn for large n. Bounding the coefficient ratio by
C

√
n and the remaining weight sums by O(log n) shows that this part is o(1). Every fixed ordinary

moment of Mn is therefore uniformly bounded. The argument also applies to a finite union of
compact intervals.

On 1/2 ≤ T/(2n) ≤ 2, a normalized count in [a, b] is bounded by the marked count in [a/2, 2b].
The complementary event has probability O(e−cn) by Gamma Chernoff bounds. Since K ≤ n, its
contribution to a fixed rth moment is O(nre−cn). All normalized compact-window moments are
uniformly bounded. Applying a higher-moment bound gives uniform integrability of each fixed
moment. The limiting Poisson process has no atoms at fixed interval endpoints, so point-process
convergence implies joint count convergence; uniform integrability gives every joint moment, using
the total count on the union to bound mixed powers.

4 Transfer and the sampling order
Proposition 2 transfers every bounded point-process observation to the geometric law, even when
sg depends on g: total variation controls any measurable observation at each genus. For a fixed
nonnegative count moment, the bad-event contribution is o(1) by (8). On the good event, (9)
applies uniformly to that statistic. Its model expectation is bounded by the preceding argument,
and removing the model cutoff changes it by o(1), again by (8). This proves convergence of the
geometric moments. In particular, total variation alone has not been used to infer convergence of
unbounded expectations.

For each fixed sufficiently large g, the endpoints of the relevant normalized-area windows have
no atoms under νg. Mixture components with at least two cylinders have simplex densities; the one-
cylinder atom is at area one, outside these windows. The same holds for finite unions of windows.
Since the cylinder count is at most 3g − 3 at fixed genus, the fixed-genus N → ∞ law also gives
convergence of these counts and their fixed moments. Taking g → ∞ afterward proves Theorem 1
in the stipulated order.

No result at the endpoints gsg = O(1) or sg ≍ 1 is inferred from this proof. Proposition 2 is
a whole-multiset approximation for the stated ensemble, rather than a relative-error assertion for
arbitrarily rare events.

Verification and research status. The accompanying source and verification archive provides
finite exact controls for composition normalization, selected-component identities, prefactors and
low-genus intersection-number expansions, including independently enumerated labelled permuta-
tions. These controls check transcription and algebra; they do not replace the analytic proof or
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independently reprove the substantial published geometric inputs. Primary-source hashes and au-
dit boundaries are documented there. This is an unrefereed research note, with no external human
peer review and no proof-assistant formalization. AI tools were used extensively in developing the
argument, proof drafting, computation, literature research, independent internal adversarial check-
ing and preparation of this text. Internal AI review is not human peer review. The named human
author is responsible for the submitted work; the cited researchers did not participate in, endorse
or review it.
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