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Abstract
Let M be a smooth, Hausdorff, second-countable n-manifold without boundary, with a positive

Riemannian metric and two prescribed, mutually dual, torsion-free connections. For n ≥ 1 we construct
a proper smooth embedding into an open subset of R(2n+4

3 ) carrying one smooth positive Hessian potential.
Orthogonal projection of the ambient standard connection and its metric dual induces exactly the ordered
pair of given connections. Finite polynomial features provide a smooth global scalar third-jet lifting;
a variable tubular neighborhood and a pointwise Schur estimate provide ambient positivity without
compactness or uniform bounds. For a general Riemannian dual pair, vanishing of both torsions is
necessary and sufficient for such realization. This supplies a self-contained answer in the smooth statistical
category to the historical dually flat realization question. Historical novelty and present openness are
not asserted; important prior constructions and unresolved primary-source coverage are specified.

Status and disclosure. Unrefereed research note, version 1.0. Licensed under CC BY 4.0. AI tools were
used extensively in developing, writing, checking, and adversarially reviewing the argument and supporting
computations. These checks do not constitute independent human peer review or formal proof certification.
The author is responsible for the claims.

1 Statement and conventions
Amari asked whether an arbitrary manifold with a Riemannian dual structure can be realized as a higher-
dimensional submanifold of a dually flat manifold with the induced dual structure [1, p. 87, question 1].
The question appears in Furuhata–Matsuzoe–Urakawa [2, p. 125, item 1(a)], reporting the December 1996
workshop. The cited definition requires zero torsion and curvature for both ambient connections, with dual
affine coordinates understood locally [1, pp. 84–85]. No fixed probability model, convexity, completeness, or
globally injective dual coordinate map is imposed here.

Throughout, manifolds and data are smooth. A dual pair satisfies

Xg(Y, Z) = g(∇XY, Z) + g(Y, ∇∗
XZ). (1)

It is statistical when both connections are torsion-free. The connections induced along an isometric immersion
are the metric-orthogonal tangential projections of the respective ambient connections. Flatness below refers
to these affine connections, not to Levi–Civita curvature.

Theorem 1. Let (M, g, ∇, ∇∗) be a statistical manifold of fixed finite dimension n ≥ 1, Hausdorff and second-
countable, without boundary, with g positive definite. There exist an open set U ⊂ RN , N =

(2n+4
3

)
> n,

a smooth function Ψ : U → R with positive ordinary Hessian G = Hess Ψ, and a proper smooth embedding
f : M → U such that f∗G = g. The standard flat connection D and its G-dual D∗ are torsion-free and flat
and induce, in that order, ∇ and ∇∗.

There is no connectedness or completeness hypothesis. The domain U depends on all the data and may
be nonconvex and incomplete. The theorem neither constructs a finite probability model nor optimizes N .
Its proof uses the proper Whitney embedding theorem and the smooth Euclidean tubular neighborhood
theorem; the jet lifting and positivity argument are given explicitly below.
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2 A global pair from scalar third jets
Let L be the Levi–Civita connection and set C = ∇g. Duality and the two torsion conditions imply that C
is totally symmetric and

∇ = L − 1
2 C♯, ∇∗ = L + 1

2 C♯, g(C♯(X, Y ), Z) = C(X, Y, Z). (2)

Indeed, write K = ∇ − L and K∗ = ∇∗ − L. Both are symmetric in their two vector arguments, and duality
says g(KXY, Z) = −g(Y, K∗

XZ). Applying these symmetries successively makes g(KXY, Z) symmetric in all
three variables; it follows that K∗ = −K and C(X, Y, Z) = −2g(KXY, Z).

In coordinates write gij = g(∂i, ∂j) and Γijk = g(∇∂i∂j , ∂k). The symmetric array

Qijk := ∂kgij + Γijk = 1
2
(
∂igjk + ∂jgik + ∂kgij − Cijk

)
(3)

will prescribe ordinary third derivatives, not a covariant tensor.

Finite features and a smooth right inverse
Choose a proper smooth embedding e : M → RK , K = 2n + 1. Whitney’s proper version is recorded in
[6, Lemma 19, p. 665 and footnote 32]; see also its Theorem 1, p. 654. Let p1, . . . , pN be all monomials of
degree at most three in K variables, including the constant, and put

f = (p1 ◦ e, . . . , pN ◦ e), N = dim P3(RK) =
(

K + 3
3

)
. (4)

Projection π onto the degree-one coordinates gives πf = e. Consequently f is an injective immersion and a
topological embedding. For compact B ⊂ RN , f−1(B) is a closed subset of the compact set e−1(πB), so f
is proper. Thus S = f(M) is a closed embedded submanifold of RN .

For the vector bundle of scalar third jets define the smooth bundle map

E : M × RN −→ J3(M,R), Ep(c) = j3
p

(∑
A

cAfA
)

.

Each Ep is onto. Choose n ambient linear functions whose restrictions by e have independent differentials at
p. These restrictions are local coordinates y near p. Every scalar third jet is a polynomial of degree at most
three in y − y(p), hence is the restriction of an ambient polynomial of that degree. This proves surjectivity
using the same finite polynomial space at every point, even though the coordinates used to check it vary.

Choose smooth positive bundle metrics, available by paracompactness, and denote the adjoint by E†.
Then

R = E†(EE†)−1 (5)

is a smooth right inverse: EE† is positive definite on each jet fiber. Inversion is smooth on invertible matrices;
no uniform bound for R, finite chart cover, or compactness is needed.

For example, with M = (0, ∞) and e(t) = (log t, 0, 0), the polynomial

qt(y) = t3

6
(y − log t)3

restricts to qt(log s) with zero derivatives of orders zero through two at s = t and third derivative one. Its
coefficients are smooth in t, and its leading coefficient is unbounded. This illustrates a smooth lift without
a uniform bound; it is not claimed to be the minimum-norm lift in (5).

The prescribed jet and its coordinate law
At p, use the exponential map of L only as a germ near 0 ∈ TpM , and prescribe the scalar third jet Jp by

qp(expp v) = 1
2 gp(v, v) − 1

12 Cp(v, v, v). (6)
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The contractions are basis independent, and the local exponential map is smooth near the zero section. This
defines a smooth section J ; no common injectivity radius or complete exponential map is required. It is a
section of jets of germs at varying points, not the third jet of one global scalar function on M . In particular,
there is no implication from qp(p) = 0 for all p that these germs have vanishing Hessians.

In L-normal coordinates the first derivative is zero, the Hessian is g, and the third derivative is −C/2.
In arbitrary coordinates the conversion adds

La
ijgak + La

ikgaj + La
jkgai = 1

2 (∂igjk + ∂jgik + ∂kgij).

Thus the value, first, second, and third ordinary derivatives of Jp are respectively 0, 0, g, Q. Explicitly, under
x = x(y), set Xi

a = ∂xi/∂ya and Xi
ab = ∂2xi/(∂ya∂yb). The chain rule gives

Q′
abc = Xi

aXj
b Xk

c Qijk + gij

(
Xi

abXj
c + Xi

acXj
b + Xi

bcXj
a

)
. (7)

There is no third coordinate-change term because the first derivative is zero. The connection transformation
supplies the first of these three inhomogeneous terms, and differentiating the transformed metric supplies
the other two. This checks directly why (3) is compatible scalar jet data and must not be treated as a tensor.

Set a = RJ and ϕ = −a, identifying coefficient vectors with ambient covectors. By definition of E, in
every coordinate chart

aAfA = 0, aAfA
i = 0, aAfA

ij = gij , aAfA
ijk = Qijk. (8)

Here fi = ∂if , etc. In evaluating the jet at p, the coefficient a(p) is held fixed in the germ variable. Subsequent
differentiation along the base p differentiates a as well. Differentiating the second and third identities and
using (3) gives, with the signs displayed,

fA
i ∂jϕA = aAfA

ij = gij , (9)
fA

ij ∂kϕA = aAfA
ijk − ∂kgij = Γijk. (10)

Moreover
ϕAdfA = 0. (11)

These are the metric and connection identities of a Lauritzen-type pair, with an identically zero compatibility
one-form, rather than a merely closed form whose periods would need to be controlled. The metric identity
makes dϕ injective on each tangent space, but global injectivity of ϕ is neither inferred nor needed.

3 One positive Hessian neighborhood of the whole image
Identify M with S. By the smooth Euclidean normal tubular neighborhood theorem there is an open
neighborhood T of S on which normal addition is a diffeomorphism from a neighborhood of the zero section
of NS. Write

z = r(z) + ν(z), r(z) ∈ S, ν(z) ∈ Nr(z)S.

We use the variable-radius version, not a uniform-radius assertion; an explicit statement is [7, Definition 3.53
and Theorem 3.54, pp. 43–44]. At s ∈ S, dr = PTsS and dν = PNsS , as follows from the derivative of normal
addition at (s, 0). No normal trivialization is assumed.

By (11), ϕs annihilates TsS. Define on T

Ψ0(z) = ϕr(z)(ν(z)). (12)

It is smooth, Ψ0|S = 0, and dΨ0|S = ϕ: the term containing the derivative of ϕ vanishes at ν = 0, while
ϕsPNsS = ϕs. Differentiating this ambient covector equality along S gives

H0(fi, · ) = ∂iϕ, H0 = Hess Ψ0. (13)

The tangent block is g by (9). On a fixed normal fiber (12) is linear, so the normal–normal block is zero. In
Euclidean orthonormal tangent and normal frames,

H0|S =
(

A B
BT 0

)
, A > 0.
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Regard A as a self-adjoint endomorphism of TS, and B : NS → TS. The functions

t = tr(A−1)‖B‖2
HS, λ = 1 + t (14)

are smooth and frame independent. They need only be finite pointwise; they may be unbounded on S.
Set

Ψ(z) = Ψ0(z) + λ(r(z))|ν(z)|2. (15)
The correction has zero value and first derivative on S. Its Hessian there is 2λ〈PN · , PN · 〉, so

Hess Ψ|S =
(

A B
BT 2λI

)
. (16)

For w ∈ NS, positivity of A−1 implies

〈BTA−1Bw, w〉 ≤ ‖A−1‖op‖B‖2
HS|w|2 ≤ t|w|2.

For a tangent vector v the quadratic form of (16) is

〈A(v + A−1Bw), v + A−1Bw〉 + 〈(2λI − BTA−1B)w, w〉,
2λI − BTA−1B ≥ (2 + t)I > 0.

It is therefore positive definite at every point of S. Define

U = {z ∈ T : (Hess Ψ)z is positive definite}. (17)

This is open and contains all of S. Restricting Ψ to U produces one global positive Hessian metric. No
uniform tubular radius, lower eigenvalue bound, bounded coefficient field, or infinite-series convergence is
used. The map f : M → U remains proper, since a compact subset of U is also compact in RN .

4 Flatness, the ordered pair, and the torsion criterion
In ambient coordinates zA, let D be the standard connection and GAB = ∂A∂BΨ. Its metric dual has
coefficients

(Γ∗)C
AB = GCE∂AGBE . (18)

Symmetry of the third derivatives makes D∗ torsion-free. The functions ηE = ∂EΨ have invertible Jacobian
G and satisfy

∂A∂BηE − (Γ∗)C
AB∂CηE = 0.

They are therefore local D∗-affine coordinates. This proves that D∗ is flat everywhere, without assuming
that z 7→ dΨ(z) is globally injective. The connection D is already torsion-free and flat.

The preserved first jet on S gives

dΨ(f(p)) = ϕ(p), GAB(f(p))fB
k = ∂kϕA. (19)

Combining (19) with (9) proves f∗G = g. For the connection ∇ind obtained from D,

g(∇ind
∂i

∂j , ∂k) = G(fij , fk) = fA
ij ∂kϕA = Γijk.

Thus ∇ind = ∇. Restricting ambient duality to tangent fields, normal terms disappear by orthogonality.
The induced connection from D∗ is consequently the g-dual of ∇, hence is the specified ∇∗. This proves
Theorem 1, including the ordering.
Corollary 2. For a smooth positive Riemannian dual pair on a manifold as above, realization by orthogonal
projection from a torsion-free dually flat statistical manifold is possible if and only if both given torsions
vanish.
Proof. Sufficiency is the theorem. Along any immersion into an ambient manifold, the torsion-free identity
∇̄Xdf(Y ) − ∇̄Y df(X) = df([X, Y ]) projects to the torsion-free identity for the induced connection. Apply
it separately to the two ambient connections.

A second-countable zero-dimensional manifold is countable and discrete. Embed it as a subset of the
nonnegative integers in R, with Ψ(z) = z2/2. This is proper and realizes all its (zero-dimensional) tangent
data. The empty case is vacuous. No extension to boundary or indefinite-metric settings is asserted.
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5 Prior constructions and the scope of the answer
The conclusion answers the historical existence question in its smooth positive statistical category. It is not
a claim that this is the first answer or that the question remained open until this note. Several ingredients
have substantial precedents. Lauritzen’s statistical, cubic-tensor, dual-connection, and induced-connection
framework is in [3]. The separate Lancaster note [4] is credited for pair embeddings by Marugame [13, §2.4];
its original body was not obtained in the present source audit. Matumoto [5, Theorem 1 and proof, pp. 328–
331] constructs global contrast functions by compatible scalar third-order data and explicitly distinguishes
the further flat-embedding question.

Finite jets, freedom, and right inverses belong to the Nash–Gromov embedding tradition. In statistical
geometry they occur in Lê’s long preprint [8, pp. 33–39] and in Loi–Matta’s robustness theorem and minimum-
norm inverse [14]. The latter starts with already induced statistical data; openness near such data does not
alone realize an arbitrary prescribed metric and cubic. Marugame’s local equivalence [13, Theorem 2.2, §2.4]
constructs a Hessian extension from a pair using a local primitive and a positive transverse quadratic term.
Those are direct antecedents of the extension stage here. The present proof supplies a global pair with
ϕ df = 0 and a variable-neighborhood positivity argument. Osipov’s positive Hessian cones are genuine
global realizations for the stated constant-statistical-curvature classes [15]; their restriction is the curvature
hypothesis, not the absence of a single global affine chart.

The finite-probability-model literature needs a separate distinction. Lê’s earlier texts make unrestricted
finite-simplex claims [8, 10, 11]; the inspected arXiv v6 explicitly assumes compactness in its Main Theorem
and Theorems 5.1 and 5.6 [9]. In the actual 2017 book, Theorem 4.10 on p. 222 gives finite-sample immersion
for compact input and a countable-sample model for noncompact input; Theorem 4.11 on p. 238 makes the
corresponding embedding distinction [12]. These statements were inspected in a Springer-authorized preview;
they should not be replaced by the broader chapter abstract. The complete chapter, including the unavailable
p. 239, was not audited.

A valid unrestricted smooth finite-simplex embedding theorem would already answer the historical ques-
tion: in mixture coordinates the potential

∑
a pa log pa has positive Hessian equal to the Fisher metric, and

its derivative cubic is minus the Amari–Chentsov cubic. Applying such a theorem to the appropriate cubic
sign induces both ordered connections by (2). Properness is not a historical novelty shield either: an embed-
ded image S is open in its ambient closure, so removing the closed set S \ S makes the embedding proper in
a smaller allowed open ambient. Neither observation proves the particular dimension bound here to be new.

The inspected older noncompact gluing arguments leave compatibility of the separately embedded pieces
and their derivatives unproved; this is not a counterexample to their conclusions. The final 2006 article
and final 2007 chapter were not obtained as authenticated full bodies, and are not assumed identical to an
arXiv version. Along with the separate Lauritzen note and Abe’s article [16], they remain material primary-
source gaps. The accepted manuscripts inspected for Marugame and Loi–Matta are distinguished from their
publisher versions in the references. This bounded literature audit establishes neither absence of an earlier
full solution nor current openness. The note presents the explicit proof above with those limitations.

Verification materials. Companion materials preserve the original proof and its computational records,
independent checks of jet and Hessian identities, source-scope comparisons, and reproduction instructions.
Finite exact checks and numerical examples corroborate identities; they do not replace the universal proof or
its differential-topology inputs. Historical strict floating-output comparison failures are preserved separately
from a typed, bounded portable comparison of designated sample fields. Its tolerances are a transport policy,
not a proved roundoff estimate. No numerical test, AI review, or source search certifies historical novelty.
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