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Abstract

We give applications of published finite-type classification and classical genus-two symmetry
to the locus of string links with free exterior group. The category is ordinary unframed smooth
ordered string links with fixed boundary, upward orientation, and rational invariants. Freeness
means that the actual three-dimensional exterior group is abstractly Fj. Recalling a filtered
Habegger—-Masbaum corollary, the intersection of the entire Milnor algebra with the two-strand
order-at-most-two space is spang{1,/, ¢?}. Meilhan’s classification and known free tangles give
a component Conway coefficient outside the Milnor-plus-vanishing span at (k,n) = (2,2), and
give zero vanishing kernel for every £ > 2 and 0 < n < 2. An exact marked genus-two
reversal argument, combined with the prior Duzhin—Karev ordinary orientation detector, gives
a nonzero kernel invariant of exact order seven on two strands. The seven-wheel is credited
to Bar-Natan following Duzhin—Karev’s journal proof. Historical priority of these combined
free-exterior applications is undetermined; no firstness is claimed.
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1 Category, question, and scope

Let C be the corner-rounded oriented cylinder D? x [0, 1], with distinct marked points p1, ..., px
in the interior of D?2. An element of SLj, is an ordered smooth proper embedding of k intervals,
with strand ¢ directed from (p;,0) to (p;, 1), standard in product endpoint collars. Equivalence is
smooth ambient isotopy fixing the boundary; isotopies can be taken fixed on a smaller boundary
collar. Upward specifies orientation, and imposes no height-monotonicity condition. No strand
framing is part of an object.

Let V,(k) denote the Q-valued ordinary Vassiliev invariants of order at most n, including
constants. Their extension to transverse double points uses the positive-minus-negative crossing
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rule, at self-crossings and mixed crossings alike. Write
Fr ={L € SLy : m(E(L)) = Fi},

N (k) = {v € V,(k) : v(L) = 0 for every L € Fi}, (2)
M (k) =V (k) N Q[ur : I any multi-index]. (3)

—~
—_
~—

Here E(L) is the compact actual three-dimensional exterior; the open complement has the same
fundamental group. Fj is the abstract free group of rank k. There is no assertion that the bottom
meridians form a free basis of that group. Neither nilpotent quotients nor a primitive meridian
condition replace (1). In (3) every based string-link Milnor invariant is allowed, with repeated
indices and arbitrary length, using preferred zero-self-linking longitudes. A polynomial is finite,
but its displayed generators need not have short length.

Stanford’s Question 2.13 in Ohtsuki’s problem collection [1, §2.6, p. 408] asks separately about
the vanishing kernel and whether the Milnor and vanishing spaces span. The results treated here
are the following restricted applications.

Theorem 1. In the category just specified:

1. With £ = u1o = 1k, the prior filtered Milnor corollary is
Mo (2) = spanQ{1,£,€2}.

If a1 is the Conway 2* coefficient of the first individually closed strand, then a; ¢ Ma(2) +
(2). Thus the universal affirmative spanning assertion fails at (k,n) = (2,2).

3. N7(2) contains a nonzero rational invariant of exact ordinary order seven. Consequently

No
2. Np(k) =0 forallk >2 and 0 < n < 2.
N (2) # 0 for everyn > 7.

The first formula is recalled from the filtered concordance theorem of Habegger—Masbaum |2,
Corollary 6.4 and Theorem 15.1], after the ordinary specialization explained below. The low-degree
applications use Meilhan’s complete classification [3], Nogueira’s free-tangle construction [8], and
the Kauffman—Lambropoulou rational example [11, 12]. The order-seven application uses classical
genus-two hyperelliptic machinery [17, 18, 19], Hatcher’s relative-ball theorem [21], and the Duzhin—
Karev detector [15]. This is an assembly and exposition of those inputs, with the marking and collar
obligations made explicit.

This work does not determine AV, (2) for 3 < n < 6, the least positive kernel order, higher-strand
higher-order kernels, or higher-order spanning and general classification. Failure of spanning at
order two does not by itself imply failure at larger order bounds. No claim about the current
worldwide open status of those residual questions is made.

2 Published order-two coordinates and the Milnor corollary
For a knot K, let ¢(K) be its normalized Conway 22 coefficient. For a string link put

ai(L) = c(Li), wij(L) = e(p(Li U Lj)) — ai(L) — a;(L),

where an individual closure is formed after forgetting all other strands, and p joins the two bottom
ends and the two top ends with fixed short plat caps. These are Meilhan’s component and plat



invariants [3, §2.1 and Proposition 2.1]. In particular ¢(U) = 0 and ¢(T") = 1 for either trefoil
chirality.
Meilhan’s Theorem 2.4, in this ordinary ordered category, gives every v € Va(k) an expansion

v=Q((lij)ici) + Y dijnttijn+ Y _biai + > eijwij, deg @ < 2. (4)

i<j<h i i<j

Here p1;5p, is a based distinct-index length-three invariant in that source’s convention. @ includes
all constants and linear terms, all squares, all linking products with a shared label, and all prod-
ucts with four distinct labels. We use the actual spanning theorem for functions, not merely an
associated-graded statement. For k = 2 it reads

v = A+ Bl + Cl + Day + Eay + Fuws. (5)

Recalled corollary 2 (Habegger-Masbaum, ordinary degree-two specialization). The entire-
algebra intersection M2(2) equals spang{1, £, 2}

Proof. Every based Milnor invariant, including repeated indices, is invariant under smooth fixed-
endpoint concordance [4, §2.1.4 and §5.1], where the attribution is to Casson [5]. Therefore every
finite polynomial in arbitrary-length Milnor invariants is concordance invariant. This property
concerns the resulting function and remains valid if high-degree terms in a presentation cancel.
Pull an ordinary concordance invariant back to framed string links by forgetting the framing.
Habegger—-Masbaum’s tree quotient, Corollary 6.4, and filtered Theorem 15.1 [2, §4 and §15] control
its order-at-most-two symbols. In degree two the only connected tree has three legs. With only two
colors, two legs share a color; exchanging these changes the vertex orientation, so antisymmetry
kills that diagram over Q. Framing independence kills the two self-struts. Through degree two the
surviving ordinary tree diagrams are therefore the empty diagram, the mixed strut, and its square.
They are integrated by 1, £, £2; the filtered theorem gives the upper bound of three dimensions. Pure
two-braids attain every integer value of ¢, proving independence. These three functions belong to
the Milnor algebra and have orders at most 0,1, 2, respectively. The upper and lower inclusions
follow. O

2.1 An elementary alternative: the full concordance equations

This alternative proof supplies explicit ordinary tests, without claiming a new Milnor theorem. Let
S = TH#(-T) be a long square knot, where —T" is the reversed mirror. The standard smooth
concordance inverse gives a null-concordance fixed at the long endpoints [6, pp. 1-2]. Conway
multiplicativity and the mirror and reversal identities give

Viui(z) = Vk(2)Vi(z), Vi(z) =Vik(=2), Vir(z)=Vk(z), <S5)=2 (6)

The first identity is recalled in [7, §1]; the other two follow from the normalized skein characteriza-
tion.

Insert S in a small ball on the first or second strand of the identity link. The resulting Ji, Jo
are null-concordant and have linking zero; their (a;, ag, w) rows are (2,0,0) and (0, 2,0), since each
plat contains that one local knot.

For a third test choose a product-collared null-concordance rectangle for S in C' x [0,1]. Its
oriented rank-two normal bundle over the disk is trivial. Prescribe the usual spatial separating
normal direction on the top edge and both endpoint edges. These edges form one contractible
boundary arc; the nonzero field extends over the rectangle and can be chosen product-like in the



boundary collars. The bottom direction is determined by this extension and is not independently
prescribed. Small push-offs by +¢ form disjoint fixed-endpoint concordance rectangles with identity
top. Their bottom link C'(S) has linking zero by concordance, and each individual closure is S.
The bottom field sweeps out an embedded narrow ribbon rectangle whose short sides are the fixed
plat caps. Its boundary is the plat and bounds that embedded disk in C, so the plat is unknot.
Thus

‘ ap ag w
J1 2 0 0
= —16.
T 0 2 0 det 6 (7)
ci)| 2 2 —4
For a concordance-invariant function in (5), subtracting its identity value yields

2D =0, 2F =0, 2D +2FE —4F = 0.

Over Q these kill every non-linking coefficient, giving the same corollary. No free-exterior assertion
is made for the three auxiliary links. This argument also explains why rational coefficients are
essential; it gives no arbitrary-coeflicient-group theorem.

3 Known free two-tangles and their ordinary markings
Lemma 3. There are R, L, L° € F5 with

(ar,00,0)(R) = (0,0,1),  (an,a)(L) = (1,5),  (a1,02)(L%) = (5,1). (8)
No linking number or value of w(L),w(L®) is needed.

Proof. Nogueira’s institutional preprint [8, Appendix §4, pp. 14-15, Figures 9-10] gives a free
two-arc ball tangle with individual capped knots trefoil and T'(3,—4). Its explicit trefoil tunnel
and tunnel-end slide establish the actual handlebody exterior. This is the appendix construction,
not a consequence of the paper’s main essential-surface theorem. The related tunnel-slide method
appears already in [10, §8]. We use the full institutional drawings: the later arXiv edition [9] has
missing relevant artwork, and is not the controlling visual source.

Round the finite tame PL corners in disjoint small neighborhoods and straighten endpoint
collars. This preserves complement topology and individual knot types. Choose one endpoint
of each arc as bottom, and use an orientation-preserving sphere isotopy moving the four labeled
endpoints to their prescribed destinations. Extend through a ball collar and make the strand
germs standard. Orient each strand bottom to top. This produces L in the specified smooth
ordered category, preserving its actual handlebody exterior. The exterior boundary is the sphere
with four disks removed and two annuli attached, a closed genus-two surface; its group is therefore
Fy.

To compare individual caps, first discard the other strand. Any two simple arcs joining the
surviving two endpoints on the unpunctured sphere are isotopic relative to those endpoints, by
bigon removal. Extend across the outside closing collar. Thus the individual knot types survive the
chosen marking. This is not a statement about arbitrary cap systems on a four-punctured sphere.
Willerton’s normalized torus formula, credited there to Alvarez—Labastida, is [13, §1 and §3, p. 5]

-1 -1
c(T(p,q)) = o :




It gives ¢(T'(3,—4)) = 5 and ¢(T") = 1. Mirror and reversal do not change this even coefficient. For
a separate copy exchange the two basepoints by an orientation-preserving disk diffeomorphism and
assign the carried strands their exchanged labels. The resulting new ordered example is L®. It is
not an identification of the two examples in the ordered category.

For R use the prior rational tangle [1] + 1/[2] of fraction 3/2 in [11, pp. 20-21, Figure 15] and
[12, p. 30, Figure 20]. It has vertical connectivity NW-SW and NE-SE: [1] pairs diagonally and
1/]2] pairs vertically; tracing the horizontal sum gives the two stated arcs and no circle. This agrees
with [11, Theorem 6]. Label the left and right vertical arcs 1,2. Carry SW, SE to bottom points
and NW, NE to top points, preserving both numerator cap arcs. Such a sphere marking exists by
matching disjoint disk neighborhoods of the cap arcs and their complementary annulus; extend it
over the ball and straighten collars.

Rationality is a ball-pair homeomorphism to the trivial two-tangle [11, §2], supplied here by the
inverse finite endpoint twists. Its exterior is pair-of-pants times an interval, a genus-two handlebody.
This rationality homeomorphism need not preserve the numerator caps. Each individual arc is
boundary-parallel, so its closure is unknot after discarding the other strand. The distinct cap-
preserving marking makes the standard plat the cited trefoil numerator. Its coefficient is one. This
proves (8) with the actual exterior groups. O

This lemma is source-backed existential geometry. It does not give a marked crossing list with
independently recognized Wirtinger group or numerical linking vector. The stated source inputs
and conversion argument are sufficient for the evaluations below.

4 The spanning counterexample at two strands and order two

Proof of Theorem 1(1), spanning assertion. Let P; be the pure two-braid with j full twists, signed
so {(P;) = j. A height-dependent disk isotopy trivializes its exterior as a twice-punctured disk
times an interval. Hence P; € F». Its individual strands are unknotted, so a1(P;) = 0.

If a; = m + u with m € My(2) and u € N2(2), the recalled corollary gives m = A + Bl + C/2.
Evaluation at Py, P, P—; yields

A=0, A+ B+ C =0, A-B+C=0.

Therefore m = 0. Evaluation at the free witness L from Lemma 3 would then give 1 = a;(L) =
u(L) = 0. Equivalently, the evaluation matrix on columns (1, ¢, 2, a;) is

1 0 0 0
1 1 1 0
L1 1 ol det=2 (=01
1 t 1

This proves the obstruction independently of the unknown marking-dependent linking value. No
matching of the full Milnor data to a braid is asserted. O

5 Pure braid tests for the complete low-degree expansion

Every pure k-braid has actual exterior diffeomorphic to a k-punctured disk times an interval, so
belongs to F. Its individual strands are unknotted. Its deletion to a pair is a pure two-braid whose
two-plat is unknot: consecutive twists slide across the endpoint cap, equivalently this plat has one
bridge. Thus

a;(P) = w;j(P) =0 for every pure braid P. (9)



5.1 An isolated triple and explicit leading terms

On three strands take A = 02, B = 03 and 8 = ABA~'B~!. Every two-strand deletion is identity,
since it kills one of A, B and the other cancels its inverse. All linking numbers vanish. Use the
Artin convention

By, (1) = Timip17; L, O, (Tig1) = x4, Pyp=P40Pp.

For a pure braid put ®(z;) = cjxjcj_l and normalize the x; exponent of ¢; to zero by right
multiplication by an x; power. These conjugators give the preferred longitudes, up to inversion of
the conjugation convention, by the parallel/Wirtinger interpretation [14, §4.1 and §5.2]. Use the
standard Magnus expansion z; — 1 + X;, rather than the exponential variant in that source. For

B, direct substitution and free reduction give

-1 -1,.-1_-1
Cl = 172X T3T1T9 Tq :E3 5

—-1,.-1

cy = xg_lzl_lachla:;1x1_1xg1x1x39:1$2x1_1.

Using E(z; ') =1 — X; + X? + O(3), their expansions are

(Cl) =1+ XoX3— X3Xo+ 0(3)
E(c) =1— X1 X3+ X3X1 4+ O(3), (10)
E(c3) =14 X1X9 — Xo X1+ O(3).

The selected triple coefficient is € = 4+1. All linear terms vanish, so the possible lower-linking
convention corrections vanish too.

For any chosen triple of labels, take a subdisk containing exactly those points, perform this
braid there, and keep the others vertical. Local meridians are conjugates of the ambient meridians
with the same linear Magnus terms. A substitution by such conjugates preserves the degree-two
leading term in (10). For completeness an arbitrary change of whisker introduces a conjugator of
the form

®(g)cjq = (@(a)g ") (gesa ).
Here ¢j € I'; and @ is identity modulo I'3, including on inactive generators. Hence ®(q)g~! € I's;
the displayed quadratic coefficient is unchanged. Deletion to any other triple leaves at most two

active strands and gives identity. Thus this pure braid isolates one p;;, with value 1 and all other
distinct-index triple values zero, including when the chosen labels are nonadjacent.

5.2 The full integer linking lattice

A thin disk neighborhood of an arc joining any chosen pair of basepoints and avoiding the others
supports a full twist with linking one on that pair and zero on all other pairs. Integer powers and
products realize every vector in Z(g) This multiplication is used only within pure braids.

If v € Ny(k) is expanded as (4), identity gives Q(0) = 0. The isolated triples and (9) give
edijn, = 0. After all d;j, vanish, the full linking lattice gives Q(z) = 0 for every integral vector
z. A rational polynomial vanishing on that lattice is zero: fix all but one integral coordinate and
use the one-variable root theorem, then induct on the number of variables. This proves the entire
polynomial conclusion, rather than extrapolating from a finite sample. We are left with

U—Zb az—i—ZerU (11)

1<J



6 Separated insertion and the all-strand zero kernel

Lemma 4. Fiz a pair i,j. A two-strand witness S can be inserted in a subcylinder separated from
the other k — 2 wertical strands by a disk. For this insertion J;;(.5),

1 (B(J5(5))) = m(E(S)) * Fya. (12)

Its active component and active plat values retain those of S; all inactive component values and
every other plat correction vanish.

Proof. Construct a proper base-disk arc ¢ cutting off exactly p;, p;: use a thin regular neighborhood
of a tree joining them to a boundary interval, avoiding the finitely many other points. Both
complementary regions are disks. Insert S in the selected region times [0, 1] with its boundary
collars, and keep the other strands vertical. The proper disk A = § x [0, 1] misses the strands
and their regular neighborhoods. Cutting the compact exterior along A gives E(S) and the trivial
(k — 2)-string exterior. In collar-open neighborhoods their overlap retracts to the disk A. Van
Kampen gives (12). For k = 2 the second factor is trivial.

Individual active closures are unchanged; inactive strands are unknotted. For the active pair,
delete the inactive strands before comparing caps. In the unpunctured endpoint disks the trans-
ported caps isotope to the fixed standard caps, so w;; retains its value. For a mixed active/outside
pair, choose each top and bottom cap to cross § once, after other strands have been discarded.
Complete A through the outside closing ball to a sphere meeting this plat exactly twice, once on
each cap. Its two sides give the two individual knot summands, perhaps reversing one orientation.
Thus the plat is their connected sum, and (6) gives

c(p(L; U Ly)) = a; + ap, wip, = 0.
Outside/outside pairs are trivial. This proves every coordinate asserted. ]

Only this disk-separated insertion preserves freeness here. No closure property under arbitrary
stacking or gluing is used, and deleting strands is not asserted to preserve free exterior.

Proof of Theorem 1(2). Take v € Na(k) and reduce it to (11) by the braid tests. For each pair
i < j, the insertion J;;(R) is free by (12), has all a values zero, and has only w;; = 1 nonzero
among the w values. Thus e;; = 0. The free insertions J;;(L) and J;;(L*) then give

bit5b;=0, Sbi+b;=0, det (é ?) — o,

Hence b; = b; = 0 over Q. Pairs (1, j) cover all labels when k£ > 2, so v = 0. Inclusion V,,(k) C Va(k)
gives the conclusion for 0 <n < 2. OJ

For k = 2, a finite full-rank certificate makes all unknown marking-dependent values explicit.
The rows on columns (1,4, £2,ay,az,w) are

P |1 0 00 0O

P |1 1 1 0 0 O

Py/1 -1 1 0 0 0 _

211 200 1 det = —48. (13)
L |1 s 2 1 5 u

L1 t 2 5 1 v




The first three columns have upper block determinant 2, and the bottom three columns have block
determinant —24, independently of u,v; eliminating the lower linking entries gives their product.
The identity holds for all r, s, t, u, v, without assigning them numeric values. The restriction k > 2
matters: the cyclic-knot-group theorem makes the one-strand free locus the unknot, on which a
nonzero Conway coeflicient vanishes. That classical distinction is outside the all-pair argument.

7 Exact marked reversal on every free two-string exterior

Fix p1, p2 on the real diameter of the disk. A single fixed orientation-preserving disk identification
handles any other initial basepoints. Define

r(zt)=(z1-1),  (p)i(s) =r(3n —s)). (14)

r has three-dimensional determinant +1, and p preserves labels, upward orientations, and product
endpoint collars. It is an involution.

Lemma 5. Fvery L € Fy is ambient isotopic to pL relative to the boundary, with each label and
orientation preserved. The isotopy can fix a sufficiently small boundary collar.

Proof. We give the complete boundary-pattern and collar argument.

Recovering a handlebody. Delete the relative interiors of two standard tubes N; about the arcs.
The compact exterior H has closed connected genus-two boundary, formed from the outer four-holed
sphere P and the lateral annuli A;. It is irreducible: a sphere in int H bounds its bounded-side
ball in C' by smooth Schoenflies [20, Theorem 1.1]; every connected tube meets dC' and misses the
sphere, so lies outside that ball. The ball is therefore contained in H.

A positive-genus closed surface group is not free, whereas every subgroup of a free group is free.
Thus a positive-genus boundary component cannot inject into a free component group. The Loop
Theorem [20, Theorem 3.1] gives an essential compressing disk. Cutting on it retains irreducibility:
a sphere in a cut piece bounds a ball in the uncut manifold, and the connected cutting disk,
with boundary on the exterior boundary and disjoint from that sphere, cannot enter this ball.
Reconstruction by a one-handle gives a free-product decomposition; the cut component groups are
free factors and remain free. Repeat. The sum of 3g — 2 over positive-genus boundary components
strictly decreases under every essential compression (including torus and separating cases). The
final pieces have only spherical boundary and are irreducible, hence are balls: a boundary sphere
pushed into its collar bounds a ball on the side away from that collar, and adjoining the collar gives
the original piece. Reverse the disk cuts to reconstruct a handlebody. Its boundary genus is two.
This uses actual group freeness, not a completion or special meridian generating set.

Prescribing the entire closed-boundary map. Choose orientation-preserving tube charts ¢; :
D? x[0,1] — N;, with ¢;(0,s) = v;(s) and ¢;(z, s) = (p; + 2, s) near both ends. The oriented normal
bundle over an interval is trivial and the prescribed end frames extend; integer twists are allowed
construction choices. Set

Tlp=rlp, (62 8) = wuz1-5) (]z=¢). (15)

The formulas agree in full product neighborhoods of the seam circles. Compatible equivariant corner
rounding makes 7 a smooth orientation-preserving involution. It has six isolated fixed points: two
on P and two on each A;. The branched Euler formula is —2 = 2x(0H /1) — 6, giving a sphere
quotient.



More precisely let Hy be the trivial two-string exterior with the same outer endpoint disks. The
map ¢ : 0Hy — OH that is literally identity on P and uses ¢; on the annuli satisfies

7= 6(rlom)¢ ™"

This is only a boundary identification; its extension has not been assumed.

Extension and exact boundary correction. The genus-two hyperelliptic class is central on the
closed boundary and extends over the standard handlebody [18, §2, pp. 491-492][19, p. 272]. Choose
any orientation-preserving handlebody diffeomorphism f : H — Hy. Centrality gives

771 = [rlom].

Consequently Fy = f~!rf has boundary value o isotopic to 7. Take a smooth isotopy d; with
S0 = id and §; = 70!, In an inward collar ¢(x,u), define

K()(C(.T, u)) = C((s)\(u) (IL'), u),

where A = 1 near the boundary and zero near the inner collar edge; extend by identity. The
unchanged u coordinate shows this is a diffeomorphism. Then F = KyFy has F|gy = 7 pointwise.
Intermediate §; may move P and the annuli, since no tubes are glued at that stage. The endpoint
is the prescribed map on the whole closed boundary.

Correcting germs before smooth gluing. On a whole tube prescribe J; = g; o ((z,8) — (2,1 —
s)) ogq; 1 Together with r near P these define a compatible local involution j near the boundary
pattern, since the charts are standard at the seams. Take an invariant local metric by averaging
with 7*; its inward normal collar obeys

jle(z,u)) = (e, u).
The extension F', already exact on the boundary, gives another collar
d(z,u) = F(c(r 'z,u)),  d(z,0) ==

Uniqueness of smooth collars relative to their boundary, and isotopy extension, yield a diffeomor-
phism K7, supported near the boundary and fixing it pointwise, such that Kj(d(z,u)) = c¢(x,u) for
small u. The inward transverse derivatives are positive, so the collars belong to the same component.
Therefore

(K 1 F)(c(z,u)) = Ki(d(tz,u)) = c(tz,u) = j(c(x,u)). (16)

Equality of boundary values alone would not have guaranteed smooth gluing; (16) gives equality in
a full neighborhood. Neither K7 commuting with 7 nor the global extension squaring to identity
is needed.

Glue K1 F to the J;. The result is an orientation-preserving smooth ball diffeomorphism h
satisfying, literally,

Bloc =rlac,  hixm(s)) = (1 - 5),

and equal to r in a small boundary collar. Thus g = rh is identity on that collar and g(vy;(s)) =
(py)i(s) for each label. There is no residual boundary mapping class or pure-braid factor.

Hatcher’s theorem gives contractibility of Diff (D3 rel 9D?) [21, Appendix, p. 604, statement (1)],
hence an isotopy of g to identity relative to the boundary. Parametric collar uniqueness straightens
this path to fix a uniformly smaller collar, with endpoint corrections identity; compactness of the
path parameter provides a common positive width. This isotopy proves the lemma and extends
by identity in the long-link formulation. It is a smooth relative-ball theorem, not a radial smooth
Alexander-trick assertion. O



The classical genus-two machinery has older inversion and branched-cover context in Bleiler—
Moriah [17, §1.3]. The lemma is its marked boundary/collar specialization with the explicit r of
(14). Centrality is specific to genus two; the argument supplies no higher-strand reversal theorem.
No separately prescribed framing is retained.

8 The prior signed seven-wheel and ordinary integration

For the algebraic input we use the exact arXiv v5 body of Duzhin—Karev, dated 25 July 2005
[15]. Its Lemma 4 gives leg parity under simultaneous reversal; Proposition 2 gives the nonzero
seven-wheel, and Section 6, Lemma 8, gives its survival under ordinary deframing. The v1 framed
argument alone would not suffice. Their later English journal proof [16, §5, Remark 1] explicitly
credits Bar-Natan’s earlier discovery of the wheel in table.m; we carry that attribution. The proof
text inspected for this credit is author-uploaded and contains production placeholders, so it is not
certified as final publisher PDF bytes. The journal bibliographic record and DOI are given in the
references.

Let H; be the connected seven-wheel with cyclic leg colors 1121222 and the vertex orientation
of [15, Proposition 2]. It has seven trivalent and seven univalent vertices, so degree (7+7)/2 = 7.
The colored Jacobi reversal changes it by (—1)” = —1. Under symmetrization y, write d = x(H7)
for the ordinary rational diagram class. The cited deframing result says d # 0 after imposing the
ordinary 1T relations that delete the two self-struts. Its qualification is important: a connected
nonsingle-strut class is primitive, and the two framing generators are central degree-one primitives.
The symmetrized wheel belongs to the complementary ordinary subalgebra identified by Lemma 8.
Connectedness alone is not a general license to pass arbitrary framed classes through 1T.

The operation in (14) agrees with this reversal. For the standard long lines (4,0, t), reversing
strand parameters is restored to upward labeled lines by (z,y,z) — (x, —y, —z); translation and
rescaling give exactly . Ambient orientation is preserved, and reversing both tangents at a crossing
preserves its crossing sign. Thus p preserves ordinary finite-type order, with symbol involution 74
satisfying 74(d) = —d. It is neither a label-exchanging half-turn nor a mirror.

8.1 An optional exact finite trace certificate

The following arithmetic supplements the published nonzero proof, and does not replace its AS/THX,
deframing, or integration interfaces. For matrices X,Y € Maty(Q) write Ty, for the trace of the
color word w, with color 1 assigned X, color 2 assigned Y, and Ty = N. Since ad X = Ly — Rx
and TrepgMaty)(LaRp) = Tr(A) Tr(B), the wheel trace has a signed expansion over all 27 =128
subsets of the seven positions. Left factors retain order; right factors reverse order. Cyclic grouping
yields

P = N(Ti121220 — Th122212) + 3T(T 112212 — T112122)- (17)

For the integer matrices

0 1 1 1 0 0 -1 1
1 0 0 O -1 -1 1 1

X 0O -1 0 of’ Y= -1 0 0 0]’
-1 -1 -1 1 0 0 -1 -1

exact multiplication gives

To = =2, Tii21202 = 38, Ti122012 = 20, Ti19912 = —12, Ti12122 = —23.
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Thus P = 4(38 — 20) + 3(—2)(—12 + 23) = 6. Reversing the word gives —6; the antisymmetric
difference is 12. The Lie weight respects AS and IHX by invariance of the trace pairing and the
Jacobi identity, so this is a rational nonzero diagram certificate, up to the fixed global vertex sign.
The new review checker separately derives all 128 terms and multiplies independently constructed
16 x 16 adjoint matrices. Its frozen results are supplementary stage evidence. The value 6 is a
diagram weight value, not a value on a nonsingular string link.

Proof of Theorem 1(3). The ordinary degree-seven rational diagram space is finite dimensional.
Choose a rational functional W with W (d) = 1, and put

W= =W —-Worta)/2.

Since 74(d) = —d, we have W~ (d) =1 and W~ o174 = —W ™. The rational ordinary integration
theorem, in the form used in [15, §2 and §6], supplies f € V7(2) with top symbol W~. Set

v=(f = fop)/2 (18)
Sign-preserving naturality of singular resolution gives

W= —-W-=
symby(v) = 5 SRE e
This symbol is nonzero on d, so v has exact order seven and is a nonzero function. Indeed, if all
nonsingular values were zero, every singular alternating sum and the symbol would be zero. For
every L € Fy, Lemma 5 gives f(L) = f(pL), so v(L) = 0. Hence v € N7(2), and the same member
belongs to N, (2) for every n > 7. O

The construction is existential: the choice of dual functional and integration is not canonical.
No named nonsingular link, numeric value on such a link, or executable evaluation formula for
v is supplied. The universal zero restriction follows from the geometric lemma; a finite set of
zero evaluations could not establish it. A minimum orientation detecting degree, discussed in [22,
Remark 1.4], would not establish a minimum kernel order, since a reversal-even invariant could lie
in the kernel. No minimum kernel claim is made here.

9 Priority, evidence, and limitations

The filtered Milnor corollary, complete order-two basis and plat invariant, Nogueira free witnesses,
rational 3/2 example, genus-two machinery, and Duzhin—Karev ordinary detector are published
inputs, credited at their points of use. The accompanying fresh priority report records a bounded
comparison of complete controlling bodies and relevant sections. It does not establish originality
of the combined free-exterior applications.

Two close older priority leads remain unread after recorded access failures: Morimoto’s 1995
Lemma 5 [23] and Yannan Li’s 2009 free-tangle paper [24]. Their exact contents are unknown in
this investigation. They are priority unknowns, not mathematical dependencies of these proofs.
The complete Bleiler—-Moriah article was recovered and read; it provides older inversion context,
with a different knot-exterior hypothesis. No absence claim from an unread abstract or search
excerpt supports this note’s conclusions. Further external scholarly input could improve the priority
investigation; only the human author may communicate externally.

The source/audit kit separates nineteen unchanged theoretical originals, fresh mathematical
derivations, new finite checks, bounded priority comparison, and current preparation state. His-
torical acceptance records retain their historical stages and are not package-readiness certificates.
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The original edition delivered no executable checker; omitted historical scripts and private fixtures
were neither replayed nor simulated. New review programs check finite word /Magnus, determinant,
Alexander, and trace arithmetic; these do not prove universal topology, published classification, 1T
survival, or rational integration. Those are explicit mathematical arguments and established exter-
nal interfaces in this manuscript. Copied third-party PDFs, PostScript, extracted text, OCR, and
images are excluded from the distributable authored kit. Bibliographic identities and hashes are
retained for source verification.
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