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Abstract

The union of complete affine lines tangent to three pairwise disjoint convex subsets of R3
has Lebesgue outer measure zero. Tangency means meeting the set while lying in a supporting
plane. The sets may be nonclosed, unbounded, lower dimensional or nonsmooth. For compact
sets, two tangency constraints admit countably many Lipschitz two-parameter covers after
contact localization. At almost every tritangent parameter, the transverse derivative at each of
three distinct contacts has rank at most one. A quadratic determinant then vanishes identically
along the line, and the area formula makes its swept locus null. Countably many compact
caps give the arbitrary-set statement. This proves the measure-zero formulation of Goaoc’s
Conjecture 4 in Oberwolfach Report 44/2008; it does not prove the stronger countable-union-
of-2-manifolds formulation.

1 Statement, conventions and analytic inputs

A plane H supports a convex set K if K is contained in a closed halfspace bounded by H and
KN H # @. An affine line L is tangent to K if L N K # & and some supporting plane contains
L. Contacts and supporting planes need not be unique. In particular, contact may be a segment.
Write

T (K1, Ky, K3) = U{L : L is tangent to each K;}.

Theorem 1. For any three pairwise disjoint convex subsets Ky, Ko, K3 C R3,
L3+ (T(Kl, Ko, Kg)) =0.
Equivalently, the locus is contained in a Lebesgue-measurable null set.

If a set is empty, there are no common tangents and the assertion is immediate. No other
nondegeneracy assumption is made.

The source is Goaoc’s problem in [1, section 13, p. 2552]. Its Conjecture 3 asks for containment
in a countable union of 2-manifolds; Conjecture 4 is the weaker nullness statement. Neither empty
interior nor nowhere density alone proves nullness. An official-author-host manuscript preserved
in an archive capture of 1 April 2011 again asks the compact-convex nullness question on printed
p. 11 [2]. The capture date is not a publication date, and identity with the manuscript cited in
September 2008 has not been established. Cheong, Goaoc and Holmsen [3] study acyclicity of
open sets of meeting transversals and finite existence results. Those conclusions differ from spatial
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nullness of the union of supporting tangent lines. A bounded documented literature audit found
no prior resolution of the full statement proved here. This is not a claim of first proof, exhaustive
priority coverage, or current openness based on the historical sources.

We use the standard Lebesgue density theorem, Rademacher’s theorem and the equal-
dimensional area formula. In particular, if G : W — R3 is locally Lipschitz on an open W C R?
and D C W is measurable, then

L3*(G(D)) < /D |det DG|dL3. (1)

These inputs, including measurable subsets and multiplicity without injectivity, are given in [4,
Ch. 1, Cor. 3.10; Ch. 2, Thms. 1.4 and 3.3]; see also [5, 6]. The one-variable inversion and fixed-
point estimates below are elementary forms of standard Lipschitz inversion and the contraction
principle. The quadratic determinant calculation is the elementary focal-polynomial mechanism
for a two-parameter family of lines; the algebra itself is not a novelty claim. All geometric and
quantitative steps needed here are proved below.

2 Compact reduction and support coordinates

Fix once and for all a countable collection of closed balls with rational centers and positive rational
radii in the original ambient Cartesian coordinates. Given any point, such balls contain it in their
interiors and can have arbitrarily small diameter.

Suppose a common tangent L to arbitrary K; meets them at a;. The contacts are distinct.
Choose pairwise disjoint balls B; from this fixed collection with a; € int B;, and put

C; IEOBZ‘.

They are nonempty, compact, convex and disjoint, even if the original closures intersect. A sup-
porting halfspace for K; also contains K;; its plane contains a; and L. Thus L is tangent to C;.
Countably many triples of balls suffice. It remains to prove the theorem for nonempty compact
convex sets. This reduction makes no measurability assumption on the original sets.

An open chart in the four-dimensional space of unoriented affine lines is
L(u,v) = {(u+ zv,2) : z € R}, u,v € R%, (2)

Three choices of ambient coordinate axis give such charts covering line space, which is consequently
second countable. Around any chosen line, an orthonormal change of coordinates makes it L(0,0).
For compact convex C', define

To(®,2) =2 — 2v, he(6,7) = max (&-z+72), gco(u,v) =max(n-u—he(n,—n-v)).
(mvz)ec n651

If Z = max¢ |z|, each summand has increment bounded in absolute value by |du| 4+ Z|év|. Hence
go is Lipschitz. For the summand 1, the difference-of-maxima estimate gives the more useful
signed bounds

mcinn (0w + 20v) < Yy (u+ du, v+ 0v) — Py (u,v) < max 7 - (ou + zdv). (3)

This uses no differentiability of a support function.



When 7,(C) has interior, its support inequalities show that g is negative in that interior, zero
on its boundary, and positive outside. Strict separation gives the last assertion; an interior disk
gives the first uniformly over unit normals. Thus

go(u,v) =0 <= wedn,(C) <= L(u,v) is tangent to C. (4)

A supporting line to the projection lifts to a supporting plane containing L, and membership in the
projection supplies an actual contact. Conversely, a plane containing L has normal proportional
to (n, —n - v) with n # 0, giving a supporting projection line.

A full-dimensional set has projection interior for every v. A planar set has projection interior
exactly when the line direction is transverse to its affine plane. A line meeting that plane is either
transverse or contained in it. The union of all contained lines lies in that plane and is null; we
discard such lines when needed.

3 Two tangencies: a countable Lipschitz cover

Lemma 2. Let A, B be disjoint compact convex sets of affine dimension at least two. Exclude lines
contained in the affine plane of either planar set. The remaining common tangent lines are covered
by countably many Lipschitz maps from open subsets of R? into line space. A map is permitted to
contain extra lines.

Proof. Fix a retained common tangent Lo = L(0,0) and contacts a = (0,s) € A, b = (0,t) € B.
Reverse the height axis if necessary so d =t — s > 0. The projections at v = 0 have interior and
contain 0 on their boundaries. Let N4, Ng C S' be their outward supporting normals at 0.

For either projection choose an interior disk of center w and radius » > 0. Every contact
normal satisfies n-w +r < 0. Therefore, with e = —w/|w| and a = r/|w| > 0, all contact normals
satisfy n - e > «. Denote these choices by e;, o, i = A, B, and choose

0 <e<min(l/4,a4/16,ap5/16). (5)

Take rational ambient balls D 4, Dp containing a, b strictly in their interiors and small enough that
the caps A’ = AN D4, B' = BN Dp have heights in

[s —ed, s+ ed], [t —ed,t+ ed],

respectively. Rationality refers to the fixed original coordinates, not the rotated coordinates.

The caps have exactly the original projected supporting normals at Lg. One inclusion follows
from containment. For the reverse, if a functional supports a cap at the line but is positive at an
original point p, short positive segments from its contact toward p lie inside the ball, contradicting
support. The strict interior condition on the contact is essential. Likewise, choose an affine basis
consisting of the contact and points of the original set; short segments toward those points remain
in the cap and retain affine independence. Hence cap and original have the same affine hull and
dimension. Projection interior is preserved.

Two line-coordinate motions, described by displacement at height z, are

t—=z zZ—8

VA(Z) = d €A, VB(Z): d €B.

Evaluation at s,t gives respectively (e4,0) and (0,ep), so these motions are independent, even
when the two unit vectors are equal or opposite. Complete them to linear coordinates

(u,v) = agVy + boVp + R(r), r e R?, (6)



where each V; on the right denotes its intercept-slope pair.

Near zero, every maximizing normal for ga has n-eq > a4/2, and similarly for B’. Indeed,
otherwise a converging sequence of nearby parameters and a convergent subsequence of maximiz-
ing unit normals would give a maximizing normal at zero outside the prescribed hemisphere, by
continuity and compactness. Shrink an open coordinate box so these facts and projection interior
hold throughout it.

For h > 0, whenever the compared points lie in that box, (3), applied to an initial maximizing
normal, yields

QA’(CLO + hv b07 T) - gA/(a07 bOv T) > ’I?’LAh, (7)
gp/(ao,bo + h,r) — gp(aop, bo,r) > mph,

with m; = «;/4. For example, (t —2)/d >1—e>1/20on A, and n-eq > a4/2. Cross coeflicients
have absolute value at most € on the opposite cap. Applying the bound to all unit normals and
taking maxima gives

|gA’(a0ab0+h7r) —gA/(Clo,b(],T)| < E|h|7 (8)
lgB:(ao + h,bo,7) — gBr(ao, bo,7)| < €lhl.

There are finite residual Lipschitz constants K; > 0 in the r coordinates. No lower bound on «;
or d is required uniformly over all lines.

Here are the root-domain details. Choose ¢ > 0 so the closed square |ag|, |bp| < ¢ lies in the
good box, and then 1 > 0 so the residual ball also lies there and

Kin < (m; —e)é/2 (i=A,B).
Since both gap functions vanish at zero, (7)—(8) give, for |by| < 0, |r| <n,
gA’(5a bO)T) > 0) gA’(*(S, b(],’l") < 0.

For instance the positive value is at least (m4 —¢)d — K41 > 0. Continuity and strict monotonicity
give a unique root ag = pa(bp,r) on this entire domain. Similarly by = pp(ag,r). Comparing two
roots using the same bounds gives

9 KA
b,r)— o) < —|b—b|+ —=|r -7 9
(0, 1) = pa(¥ 1] < b =]+ A= )
and the analogous inequality for pp. Put k = max; e/m; < 1/4. Since the roots vanish at zero,

[pa(b,m)| < K6+ (Ka/ma)n < 35/4,

and likewise for pp: the first summand is less than §/4 and the second is less than (1—¢/m4)d/2 <
d/2. Consequently

(a0, bo) — (pa(bo,7), pp(ao,r))

is a self-map of the closed square and a contraction in its maximum norm, with constant k.
Iteration is Cauchy in this complete square and has a unique fixed point p(r). Applying (9) at

fixed points gives
Ip(r) — (') < /i)
o =

lr — 7.
11—«



Thus the simultaneous zero set near Lo is a Lipschitz graph on the open residual ball. By (4),
it contains all common tangents to these two fixed caps in a suitably shrunk open line-space
neighborhood.

Finally, countability must respect the fixed caps. A nearby tangent to the original set can miss
a cap chosen at Lg. For each fixed rational cap pair P, let Tp consist of its common tangents
at which the preceding construction is available for that same pair. Fach L € Tp has an open
neighborhood Uy, and a graph I'y, with

TpNU, CTy.

Second countability gives a countable subcover of Tp by the Ur. Every point of Tp in a selected
neighborhood is still a tangent to the same caps and hence belongs to its selected graph. There are
only countably many rational cap pairs. Every original retained tangent belongs to at least one Tp
by the contact localization already proved. Taking these countable unions proves the lemma. [J

4 Density-point rank restrictions and null sweeps

Tangency to a compact set is closed in line space. To see this, from a convergent sequence of tangent
lines select subsequential limits of contact points in the compact set and of unit supporting-plane
normals. The limiting point is on the limiting line; the limiting normal is perpendicular to its
direction and its supporting inequality persists. These data witness tangency.

Let F': g+ (u(q),v(q)) be a Lipschitz line-family map on an open U C R2. Let E C U select
tangency to three disjoint compact convex sets. Exclude lines contained in the plane of a planar set
and lines identical to the affine line of a one-dimensional set. The exclusions are closed line-space
conditions, so E is Borel. Their complete swept loci are contained in finitely many planes or lines
and can be added later.

Almost every qo € F is both a density-one point of F and a differentiability point of F'. For
each h € R?, density one implies

G EE, 71,10, q=q0+Th+o(7)). (10)

Indeed, dist(go+7h, E) = o(7): a hole of radius proportional to 7 would remove a fixed proportion
of a ball about qg, contradicting density one. Approximating that distance gives (10).

Apply a fixed affine shear x +— x — u(qo) — zv(qo) so the line at gy becomes L(0,0). This
preserves convexity, supporting tangency and nullness. Write A = Du(qy), B = Dv(qp) in the
resulting coordinates. Choose any contact (0, z;) with set C;.

Lemma 3. At each such contact, rank(A + z;B) < 1.

Proof. We cover all four affine dimensions.

Dimension three. Suppose A + z;B is onto. Choose an interior ball of center ¢ = (w,c,) and
radius 7 > 0 in Cj, and an h with (A+2z;B)h = w. Use (10). On F(g;) take height z; + 7;(c; — 2;).
Differentiability gives transverse coordinates 7w + o(7;); the extra product of a height increment
and slope is O(sz). Convexity puts in C; the open ball of radius 7;r centered at (1—7;)(0, z;) +7jc.
For large j, the chosen line point lies in this ball, contradicting supporting tangency.

Dimension two. Put H = aff ;. The retained line is transverse to H. Choose a relative
interior disk of center ¢ = (w,c,) and radius r in C;. If A + z;B is onto, choose the same h and
density sequence. Write

H={(z,2): Ny -z + N,(z — z;) =0}, N, # 0.



The intersection height of a nearby line is the smooth function

. szi - Na: : U(Q)
0= N AW, olg)

Its derivative along h is —N, - w/N, = ¢, — z;. The intersection point therefore equals (1 —
7;)(0,2;) + Tjc + o(7;) and lies in the relative disk of radius 7;r. A supporting plane through a
relative interior point of C; must be H: its functional vanishes on the tangent space of H. It
cannot contain a transverse line. This is the required contradiction.

Dimension one. Write the affine line of C; as (0, z;) + A(ds,d;). Since it meets but is not
identical to L(0,0), d, # 0. For every nearby ¢ € F, incidence gives

v(q) == u(q) + zv(q) = (dz — d.v(q)) A\ (q)- (11)

Dotting with d, gives a denominator |d.|? — d.d, - v(q), bounded away from zero near gy. Hence
A¢q) = O(]g — qo])- For n L dy, (11) implies n-v(q) = —d.(n-v(g))A(q). Along (10) this is O(TJ-Q),
son-(A+ zB)h =0 for every h. The image lies in the line spanned by d,.

Dimension zero. The contact is a fixed point; every ¢ € E satisfies u(q) + zjv(q) = 0. Differ-
entiating along (10) gives A + z;B = 0. O

The contacts have distinct heights, since the sets are disjoint. The polynomial
P(z) = det(A+ zB)

has degree at most two and vanishes at these three distinct heights by Lemma 3. Thus P vanishes
identically. Now sweep the line family by

G(q, 2) = (u(q) + 2v(q), 2).

On a bounded parameter ball V' with closure in U and a bounded height interval, this map is
Lipschitz: v is bounded there and

lu(q) + zv(q) — u(q’) — 2'v(¢')] < (Lipu+ M Lipv)|q — ¢'| + sup v] [z — 2]

At every good parameter gy and every finite z, its derivative has block form

DG(qo,2) = <A0+ %B U(i]o)) , det DG(qo, 2) = P(z) = 0.

The bad parameter set has two-dimensional measure zero. Its product with a bounded height
interval has three-dimensional measure zero. Applying (1) to the Borel tritangent subset of each
parameter-height patch gives zero outer measure of its image. A countable cover of U by bounded
balls with closure inside U, followed by integer height intervals, proves:

Proposition 4. The tritangent portion of any Lipschitz two-parameter line family on an open
domain sweeps a null subset of R3, after adding the discarded planes and lines. No open set of
tritangent parameters or injectivity of the map is assumed.



5 All compact dimensional cases and completion

For three nonempty disjoint compact convex sets, discard the lines in planar affine hulls and those
identical to one-dimensional affine hulls. Their spatial union lies in finitely many null planes and
lines. The remaining common tangents fall into the following cases.

If at least two sets have affine dimension at least two, apply Lemma 2 to that pair, then
Proposition 4 to the tritangent parameters of each countable chart.

If a set is a point, all common lines pass through it. Ordinary direction charts give smooth
two-parameter maps on open domains: in (2), a fixed point (zg, z9) means u = xg — zpv. The three
ambient-axis choices cover all directions. Apply Proposition 4, including the zero-dimensional rank
case.

In the remaining case there is no point and at most one set has dimension at least two. At
least two sets are nondegenerate compact intervals on affine lines. Parameterize their points by
a(s),b(t) for compact intervals of s, ¢. Disjoint compactness bounds |b(t) — a(s)| away from zero.
At each parameter pair some ambient coordinate of this difference is nonzero. On a sufficiently
small open parameter rectangle, extend both affine parameterizations and keep that coordinate
bounded away from zero. The line through a(s),b(t) then has smooth intercept-slope coordinates
with bounded derivatives on a smaller rectangle, hence a Lipschitz map. Countably many such
bounded open rectangles cover all actual endpoint and interior parameter pairs. They can include
extra lines; their tritangent parameters are still selected by compact tangency. Proposition 4
applies unchanged.

These cases exhaust affine dimensions zero through three. Countably many null swept images
and the discarded planes and lines prove the compact assertion. The countable rational-ball
reduction proves Theorem 1. A set of outer measure zero is contained in a measurable null set by
outer regularity. O

6 Boundary controls, reproducibility and status
Three distinct contacts are essential to this argument. Two can sweep positive volume. Let
A=10,1] x [-1,1] x {0}, B =[-1,1] x [0,1] x {1}.

For s,t € (—1,1), the line with v = (0,s) and v = (¢,—s) is tangent to both rectangles, in
supporting planes x —tz = 0 and y + s(z — 1) = 0. Its sweep is (zt, (1 — 2)s, z), with determinant
z(z—1). For 0 < z < 1 its image has volume 4 fol 2(1 —z)dz = 2/3. Three identical singleton sets
also show that disjointness cannot be removed: their tangent-line union is all of R3.

Density is indispensable in Lemma 3. For vertical lines u = ¢,v = 0 tangent to the unit ball,
the tangent parameter set is the unit circle, while Du = I. This set has no density-one points in
R2. Likewise, intersecting the interiors of three disjoint balls is not supporting tangency and gives
no contact rank restriction.

For nonclosed inputs the spatial locus need not be closed. The sets K; = {(4,4,0) : 0 <y < 1},
i =0,1,2, have common horizontal tangents at every y € (0,1). Points (0,1/n,0) lie in the locus
and tend to (0,0,0), which is absent: a line from that point to a contact with Ky would have
z = 0 and could not meet K;. Thus compact tangency closedness must not be exported to the
arbitrary-set statement. The rational-cap reduction avoids that error.

The accompanying standard-library Python package performs exact polynomial, rational deter-
minant, support-increment, contraction-constant and boundary-control checks. It explicitly rejects



optimized execution, retains genuine execution streams, and provides a reproducible archive man-
ifest and builder. These finite controls are not a proof oracle for arbitrary convex sets, density
or measure theory; the universal proof is the argument above. No third-party primary PDF is
redistributed.

AT assistance and review status. Extensive artificial-intelligence assistance was used in solv-
ing, drafting and internal verification, including adversarial mathematical examinations. Alec
Kriebel is the sole author. This is an unrefereed preprint and has not undergone conventional
external human peer review; internal Al examinations do not constitute such review.
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